We consider some questions about subnormal subgroups of a group in the setting of Lie superalgebras. In particular, the analogues of Nilpotence Join Theorem and Roseblade's Theorem for Lie superalgebras are proved.
Introduction
Let L = L 0 ⊕ L 1 be a Lie superalgebra over a field F of characteristic not 2. If char F = 3 we assume that [[x, x] , x] = 0 for every x ∈ L 1 . If L is an ordinary Lie algebra we do not impose any restriction on F. All subalgebras and ideals of L are assumed to be homogeneous. A subalgebra H of L is said to be a subideal and denoted by H ¡ r L if there exist subalgebras H 0 , H 1 , . . . , H r such that
where H i is an ideal of H i+1 , for every i = 0, . . . , r − 1. The notion of subideal in Lie theory is inspired by the analogous notion of subnormal subgroup in groups theory and has been widely studied (cf. [Al, AlS, Am74, AmSt, Ha, Ho, Si, St70, St73] ). The purpose of this paper is to prove some similar results for Lie superalgebras. We denote by U (L) the enveloping algebra of L and by Ω(L) the augmentation ideal of U (L) , that is, the ideal generated by L in U (L). Our first main result is as follows:
Theorem 1.1. Let L be a finite-dimensional nilpotent Lie superalgebra generated by subalgebras H and K . Then for every positive integers a, b there exists an integer c such that Ω c (L) ⊆ U (L)Ω a (H) + U (L)Ω b (K ).
An example showing that the previous result fails without the assumption that L is nilpotent is provided. Indeed, let L be the Lie algebra sl(2, F), let e, f and h be the standard basis of L with relations [e, f ] = h, [h, e] = 2e, [ f , h] = 2 f , and let H and K be the 1-dimensional subalgebras spanned by e and f , respectively. Note that Ω(L) = Ω t (L), for every t 1. We shall show that if char(
The analogue of Theorem 1.1 for groups is proved in [LSS] . Unfortunately their proof cannot be adapted for Lie algebras. We prove Theorem 1.1 essentially for Lie algebras and then quickly deduce it for Lie superalgebras. We remark that our result is independent of the characteristic of the base field. Furthermore, our proof can be adapted to give a new proof of the analogous result for group rings.
We denote the group ring of a group G over F by FG. The augmentation ideal of FG is the ideal (G) generated by all g − 1, with g ∈ G. The same arguments as in the proof of Theorem 1.1 lead to a new proof of Theorem B in [LSS] , which states that for every finitely generated nilpotent group G generated by subgroups H and K and every positive integers a, b there exists an integer c such that
We denote the i-th term of the lower central series of L by γ i (L), for every i 1. The commutator subalgebra γ 2 (L) of L is also denoted by L . Theorem 1.1 is used to prove the following analogue of Theorem A in [LSS] .
Theorem 1.2 (Nilpotence Join Theorem). Let L be a Lie superalgebra generated by subideals H and K and assume that L/L is finite-dimensional. Then given positive integers a and b there exists a positive integer
A theorem of Roseblade [Ro] states that if G is a group such that every subgroup of G is subnormal in at most n-steps then G is nilpotent of class bounded by a function in terms of n. Stewart [St70] proved the analogue of Roseblade's result for Lie algebras. Here we extend such a result to Lie superalgebras. One of the main differences in the proof for Lie superalgebras is the fact that the subalgebra generated by a single element is not necessary 1-dimensional and may as well be a simple Lie superalgebra (see [AA] ); a phenomenon that does not happen in Lie algebras. 
Theorem 1.3. Let L be a Lie superalgebra. If every subalgebra of L is a subideal in at most n steps then L is nilpotent of a class bounded by a function in terms of n only.

Notation and preliminaries
we recall that the nilpotence class of L is the least integer c such that γ c+1 (L) = 0, or equivalently, [x, y, . . . , y] , where y occurs k times. For a subset S of L, we denote by S F and S the F-vector subspace and the subalgebra generated 
Thus,
We claim there exists an integer k depending on a, b such that p k ⊆ J . Suppose that the claim holds.
by Eq. (1). Now, it can be verified by induction on r that
J and combining this with Eq.
(1), we deduce
J . So it is enough to prove that p k ⊆ J . Without loss of generality, we can assume that F is algebraically closed. Consider the P -module M = hU (P ) + J / J . Since h a J , we deduce that M is finitely generated. Let N be a maximal P -submodule of M. So, N = I + J / J , where I is a subspace of hU (P ). Since P is abelian and M/N ∼ = hU (P ) + J /I + J is a simple P -module, by Lemma 5.6 in Chapter 1 of [SF] , we deduce that M/N is one-dimensional. We claim that hp ⊆ I + J . Suppose the contrary and let r be the minimal integer such that h r p ⊆ I + J . So, 2 r a. Let x ∈ h r−1 and v ∈ p such that xv / ∈ I + J . Then
Thus, xv = αv modulo I + J , for some α ∈ F. 
t+1 ⊆ J and the claim is proved. P
The analogue of Theorem 3.4 for a group ring FG can be proved by induction on the nilpotence class of G. The proof is similar to the proof of Theorem 3.4 except that we use Lemma 2 of [LSS] instead of Lemma 3.3. Note that only a special case of Lemma 3.3 is used in the proof of Theorem 3.4. Indeed we have used the following fact about modules over commutative polynomial algebras: Let M be a finitely generated module over F[x 1 , . . . , x n ]. Suppose that for every maximal submodule N of M, we have 
Note that
where G is the non-unital Grassmann algebra of 
, for every t 1. We let H be the 1-dimensional subalgebra spanned by e and K be the 1-dimensional subalgebra spanned
where 
(2) if M and N are locally nilpotent then so is M + N.
Proof. Similar to the proof of Lemma 1(iii) and Lemma 7 in [Ha] . P
The following can be adapted from [Ro] as is done in [AmSt, § 2] for Lie algebras. 
Theorem 4.2 (Derived Join Theorem
The following result is adapted from [Sto] . 
Suppose that for some 1 i n − 1, there is an integer c such that 
This completes the proof. P
We are now ready to prove the Nilpotence Joint Theorem.
Proof of Theorem 1.2. By Theorem 4.2, we know that there is an integer
we assume that L is solvable. Now we proceed by induction on the derived length of L. Let D be the last non-zero term of the derived series of L. By Lemma 4.3, there exists an integer r 1 such that 
By Lemma 4.3, there is an integer r 4 such that
We can now factor by γ r 5 (N) so that L is metanilpotent. We now argue by induction on the nilpotence class c of N.
Since L/N is nilpotent, by Lemma 4.3, there exist integers r 6 and r 7 such that
By induction hypothesis applied to G/C , there is an integer r 8 such that
Since γ r 6 (N + H) and γ r 7 (N + K ) are ideals of N we deduce that
L). Then
A is an abelian ideal of L and L/ A is nilpotent. By Lemma 4.3, there exist positive integers r 9 and r 10 such that 
Thus, if we interpret (4) 
So, by (3) and (5), we get
We take c = r 8 + r 11 to finish the proof. P
Proof of Theorem 1.3
For a sake of convenience, in this section we use the following symbols for the frequently used classes of Lie superalgebras:
F n : of dimension at most n; G n : generated by n elements; N n : nilpotent of class n; A: abelian; A n : solvable of derived length n;
We shall use the symbol ' ' for inclusion of classes.
Proof. The conditions are clearly sufficient. Indeed, let H be a subalgebra of L. Let x ∈ H and y ∈ L and write x = x 0 + x 1 and y = y 0 + y 1 with x 0 , y 0 ∈ L 0 and x 1 , y 1 ∈ L 1 . By assumption we have [x, y] 
Conversely, assume that every subalgebra of L is an ideal and let 
, by Lemma 4.1. P
The proof of the next lemma is identical to that of Theorem 3.2.3 in [St70] . 
Proof. Let X be a set of generators of L with |X| = s. For every x ∈ X , let x 0 , x 1 denote the even and odd part of x, respectively. Then L coincides with the F-vector space generated by commutators of 
Proof. (i) Similar to the proof of Lemma 10 in [Ha] .
(ii) Let us proceed by induction on h. The claim is trivial for h = 0. Then assume h > 0 and let 0 = I 0 < I 1 < · · · < I r = I a series of ideals of L of maximal length. Now, by the induction hypothesis we have
Proof. Let us proceed by induction on d. n,2) . At this stage, from Lemma 5.4 it follows that L ∈ N f 2 (n,d) where
completing the inductive step. P Lemma 5.9. Let L be a Lie superalgebra generated by X .
Proof.
(1) Since L is generated by abelian ideals, by Lemma 4.1 it is locally nilpotent. Therefore, by Lemma 5.7, for every x ∈ X we have x L ⊆ ζ n (L), and so we conclude that L = ζ n (L).
(2) Without loss of generality, we can assume that X consists of homogeneous elements. Clearly, γ n (L) coincides with the ideal of L generated by the elements of the form [x 1 , . . . , x n ], where the
. By Lemma 4.1 we have B ∈ N n and then, as L ∈ X n , Lemma 5.5 yields x 1 , . . . , x n ∈ F f 1 (n,n) . As a consequence, the ideal n,n) , and then γ n (L) is contained in the subalgebra generated by elements x ∈ L with the property that x L ∈ A ∩ F f 1 (n,n) . Therefore, by part (1), we conclude that L is solvable of derived length at most f 3 (n) Proof of Theorem 1.3. Let us proceed by induction on n. For n = 1, in view of Lemma 5.1 we can set f (1) = 2. Next assume n 2 and let H be a subalgebra of L. By Lemma 5.11 and the inductive assumption, for every i > 0 we have H i /H i+1 ∈ D n−1 N f (n−1) , where the H i are the terms of the ideal closure of H in L. Hence we have δ (n−1)· f (n−1) (H 1 ) H . Now, put B = H 1 /δ (n−1)· f (n−1) (H 1 ). Then B ∈ D n ∩ A (n−1)· f (n−1) and so, by Lemma 5.8, B is nilpotent of class at most f 2 (n, (n − 1) · f (n − 1)).
It follows that γ f 2 (n,(n−1)· f (n−1))+1 (H 1 ) H and then, by Lemma 5.10, L is solvable of derived length at most f 4 ( f 2 (n, (n − 1) · f (n − 1)) + 1). Finally, Lemma 5.8 allows us to conclude that L is nilpotent of class at most f (n) = f 2 n, f 4 f 2 n, (n − 1) · f (n − 1) + 1 , and the proof is complete. P
